We study the positive Hermitian curvature flow of left-invariant metrics on complex 2-step nilpotent Lie groups. In this setting we completely characterize the long-time behaviour of the flow, showing that normalized solutions to the flow subconverge to a non-flat algebraic soliton, in Cheeger-Gromov topology. We also exhibit a uniqueness result for algebraic solitons on such Lie groups.
In 2011, Streets and Tian introduced a new family of parabolic flows generalizing the Kähler-Ricci flow to the Hermitian setting [26] . More precisely, given a complex manifold X, any flow in the family evolves a Hermitian metric g on X via
where S(g) is the second Chern-Ricci curvature tensor of g on X and Q(g) is a (1, 1)-symmetric tensor quadratic in the torsion of the Chern connection. The flows belonging to such a family are usually called Hermitian curvature flows (HCFs for short).
In [26] , Streets and Tian chose the tensor Q in order to obtain a gradient flow, stable near Kähler-Einstein metrics with non-positive scalar curvature and satisfying many other analytical properties; while, in the subsequent paper [25] , Q was chosen so that the pluriclosed condition was preserved (∂∂ω = 0) (see also [23, 24, 27, 28] ). On the other hand, since the tensor Q does not affect the parabolicity of the evolution equation (1) , different choices of Q can be performed in order to preserve other properties.
In [30] , following Streets and Tian's approach, Ustinovskiy introduced a HCF preserving both the Griffiths-positivity and the dual Nakano-positivity of the tangent bundle. More precisely, given a compact Hermitian manifold (X, g), Ustinovskiy considered the evolution equation ∂ t g t = −S(g t ) − Q(g t ) , g t| 0 = g .
Here, we denote by: ∇ the Chern connection of (X, g), Ω the curvature tensor of ∇, S(g) the (1, 1)symmetric tensor S ij = g kl Ω klij , and Q(g) the tensor given by 2 Q ij = g kl g mn T kmj Tln i , where T kmj := g lj T l km and T l km are the components of the torsion of ∇. We will refer to (2) as to the positive Hermitian curvature flow (HCF + for short) and we set
for any Hermitian metric g on X.
The aim of the present paper is to study the behaviour of the HCF + on complex nilpotent Lie groups when the initial metrics are left-invariant. Although in the non-compact case existence and uniqueness of left-invariant solutions to (2) are not always guaranteed, in our setting the invariance by biholomorphisms of the flow implies that (2) can be reduced to an ODE on the Lie algebra of the group. Hence, existence and uniqueness among left-invariant solutions follow from the standard ODE theory. Our first result completely describes the long-time behaviour of the HCF + on a complex 2-step nilpotent Lie group.
Theorem A. Any left-invariant solution g t to the HCF + on a complex 2-step nilpotent Lie group is immortal, and (1 + t) −1 g t subconverges as t → ∞ to a non-flat algebraic soliton (N ,ḡ), in the Cheeger-Gromov topology.
By convergence in the Cheeger-Gromov topology we mean that: there exists a family of biholomorphisms ϕ t : Ω t ⊂N → ϕ t (Ω t ) ⊂ N mapping the identity ofN into the identity of N , such that the open sets {Ω t } exhaustN , and in addition ϕ * t g t →ḡ as t → ∞, uniformly over compact subsets in the C ∞ -topology.
Next we focus on soliton solutions to the flow. A Hermitian metric g on a complex Lie group G is a soliton to the HCF + if
for some c ∈ R and a complete holomorphic vector field Z. Here L denotes the Lie derivative. Notice that, soliton metrics are rather important in the study of the HCF + . Indeed, by the scale and biholomorphisms invariance of the HCF + -tensor, any initial metric g satisfying (3) gives rise to a self-similar solution g t = s(t)ϕ * t (g) to the HCF + , for some smooth scaling function s(t) > 0 and a one-parameter family of biholomorphisms ϕ t : G → G. If furthermore g is left-invariant and ϕ t may be chosen to be a family of Lie group automorphisms, then the soliton g is said to be algebraic.
Our second result is about the uniqueness of algebraic solitons on complex 2-step nilpotent Lie groups.
Theorem B. Any complex 2-step nilpotent Lie group N admits at most one algebraic HCF + -soliton up to homotheties. Moreover, any algebraic HCF + -soliton on N is expanding (i.e. c < 0 in (3)).
The proofs of our results are mainly based on the bracket flow technique, a powerful tool introduced by Lauret to study different geometric flows on homogeneous spaces (see e.g. [11] ), and on a moment map result which we prove in Section 2.
We mention that recently many works on different HCFs on homogeneous spaces appeared. In [29] Ustinovskiy studied the HCF + on complex homogeneous manifold focusing a the distinguished class of non-homogeneous metrics, namely the class of induced metrics; while, the HCF + on C-spaces has been investigated by Panelli and PodestÃă in [12] . Moreover, in [22] Stanfield studied the HCF + on almost-abelian complex Lie groups.
The general behaviour of the 'original' HCF on complex unimodular Lie groups was studied by Lafuente, Vezzoni and the author in [6] , where it is proved that any left-invariant solution to the flow is immortal and converges to an expanding algebraic soliton, which has to be unique up to homotheties. Moreover, in [19] it has been shown that expanding algebraic solitons on complex Lie groups lead to strong constrains on the algebraic structure. Finally, the behaviour of the 'original' HCF of locally homogeneous non-Kähler metrics on compact complex surfaces, together with a strong convergence result, was investigated in [13] .
Also the pluriclosed flow has been widely studied in the homogeneous case. In [4] it was proved that the flow of left-invariant metrics on 2-step nilpotent Lie groups is immortal (see also [21] ); while, in [2] convergence results for normalized solutions to the flow on almost abelian and 2-step nilpotent Lie groups were proved.
In [5] , Fei and Phong showed that there exists a relation between the HCF + and the Anomaly flow, which is a metric flow introduced by Phong, Picard and Zhang in [15] to study the Hull-Storiminger system (see also [14, 16, 17] ). Namely, Fei and Phong proved that any solution to the HCF + starting from a conformally balanced metric ω on X, i.e. a metric satisfying d( Ψ 2 ω ω n−1 ) = 0 for a complex volume form Ψ on X with dim C X = n, gives rise to a solution to the Anomaly flow after a time rescaling. Thus, since any left-invariant Hermitian metric on a complex unimodular Lie group is balanced [1] , our results apply to the Anomaly flow when Ψ is a left-invariant volume form.
Corollary C. Let N be a complex 2-step nilpotent Lie group and Ψ a left-invariant volume form on N . Any left-invariant solution ω t on N to the Anomaly flow
, in the Cheeger-Gromov topology.
In [18] Phong, Picard and Zhang studied the Anomaly flow on complex 3-dimensional unimodular Lie groups. We mention that our corollary slightly extend the long-time existence result obtained in [18] for the complex Heisenberg Lie group. Finally, in [20] the author and Ugarte investigated the behaviour of the Anomaly flow on 2-step nilpotent Lie groups providing the first examples of the Anomaly flow with non-flat holomorphic bundle.
The paper is organized as follows. In Section 1 we explicitly compute the components of the HCF +tensor in terms of the Lie bracket. We also recall the bracket flow technique. Section 2 is devoted to the proof of Theorem A. Finally, in Section 3 we prove Theorem B and we give an explicit example.
Notation and conventions. All over the paper we adopt the Einstein convention for the sum over repeated indices. By a complex Lie group we mean a Lie group endowed with a bi-invariant complex structure (that is, the multiplication is a holomorphic map).
Preliminaries
1.1. The HCF + on Lie groups. Let (G, J) be a Lie group equipped with a left-invariant complex structure. Let g be the Lie algebra of G and let µ be the Lie bracket on g. In the following, we compute the tensor K of a left-invariant Hermitian metric g on G in terms of structure constants of g.
The Chern connection ∇ of g is by definition the unique Hermitian connection (∇g = ∇J = 0) with vanishing (1,1)-part of the torsion. Therefore, given a left-invariant g-unitary frame {Z 1 , . . . , Z n } on G, we have T lk := ∇ l Zk − ∇kZ l − µ(Z l , Zk) = 0 , or, in terms of the Christoffel symbols of ∇, Γr lk = µr lk , Γ r kl = µ r kl . On the other hand, by ∇g = ∇J = 0 we get
Therefore, we have
and hence S ij = −µ r ki µr kj + µī kr µ j kr + µ r kk µī rj − µr kk µ j ri . Finally, since
, by means of (4) we have
As a direct consequence we have the following lemma. Proposition 1.1. Let (G, g) be a complex Lie group equipped with a left-invariant Hermitian metric. Then, with respect to a left-invariant g-unitary frame {Z 1 , . . . , Z n } on G, we have
Proof. Since on complex Lie groups any mixed bracket µ(Z l , Zs) vanishes, the claim follows by the above computations.
1.2. The bracket flow technique. Here we briefly recall the bracket flow technique introduced by Lauret in [7] to study the Ricci flow on nilmanifolds. This technique provides a method to study a prescribed geometric flow via a flow of Lie brackets and it is been extensively used to investigate different metric flows in Hermitian geometry (see e.g. [2] , [4] , [6] , [10] , [21] ). Under some natural assumptions, the bracket flow technique also applies to a large class of geometric structures on homogeneous spaces [11] . Let (G, J) be a complex n-dimensional Lie group and let g be its Lie algebra. Then, the Lie bracket µ 0 of g belongs to the variety of complex Lie algebras C = µ ∈ Λ 2 g * ⊗ g : µ satisfies the Jacobi identity and µ(J·, ·) = Jµ(·, ·) , which admits the 'natural' action of
Now, let us consider a left-invariant Hermitian metric g 0 on G. By the biholomorphisms invariance of K, there exists a unique solution (g t ) t∈I , 0 ∈ I ⊆ R, to the HCF + (2) consisting entirely of leftinvariant Hermitian metrics. Moreover, in [10, Theorem 1.1] Lauret proved that there exists a smooth curve (ϕ t ) t∈I ∈ Gl(g, J), with ϕ 0 = Id g , such that g t (·, ·) = g 0 (ϕ t ·, ϕ t ·) , and the family of Lie brackets µ t := ϕ t · µ 0 satisfies the bracket flow equation
Here, π : End(g) → End(Λ 2 g * ⊗ g) denotes the representation of the action defined in (5), i.e. π(A)µ(·, ·) = Aµ(·, ·) − µ(A·, ·) − µ(·, A·) , A ∈ End(g) ;
while K µt : g → g is the endomorphism related to the value of K(g t ) at e ∈ G by
The HCF + on complex 2-step nilpotent Lie groups
This section is devoted to the proof of Theorem A. The main feature in the proof will be a geometric invariant theory result, which implies the convergence claim.
Let (N, J) be a complex 2-step nilpotent Lie group equipped with a left-invariant Hermitian metric g. Let n be the Lie algebra of N and µ 0 its Lie bracket. Let also z be the center of (n, µ 0 ) and z ⊥ its g-orthogonal complement, that is n = z ⊥ ⊕ z. By means of Proposition 1.1, the endomorphism K g defined in (8) satisfies K g (X) = 0 , for every X ∈ z ⊥ , or, equivalently,
with respect to the block representation n = z ⊥ ⊕ z. As a direct consequence, we get where p = sym(n, ·, · ) is the set of symmetric endomorphisms of n. Here ·, · denotes any inner product induced by g on any tensor product of n and its dual. Then, we have the following fundamental lemma.
is a moment map for the linear Gl(z, J)-action on L n \{0}, in the sense of real geometric invariant theory. That is,
where π(E)µ is defined as in (7).
Proof. Let {Z i } be a ·, · -unitary basis of n. By a direct computation it follows that
On the other hand, π(E)µ(Z r , Z k ), µ(Zr, Zk) = Eµ(Z r , Z k ), µ(Zr, Zk) = E s i µ s rk µīrk , and the claim follows by the symmetry of E. Remark 2.3. By means of [6, Lemma 2.1], it follows that the endomorphism K µ : n → n is given by
where Ric µ is the Ricci curvature endomorphism of the Ricci curvature tensor Ric(g) and pr z denotes its orthogonal projection to End(z).
We are now in a position to prove Theorem A.
Proof of Theorem A. Let g t be the solution to the HCF + starting at g 0 . By the equivalence of the HCF + and the bracket flow (6), it is enough to prove that µ t is defined for all t ∈ [0, +∞). Therefore, since Lemma 2.2 holds, we have
and the claim follows by standard ODE arguments. Now, let ν t := µ t / µ t be the norm-normalized bracket flow. Then, by [2, Lemma 2.3], ν t solves the normalized bracket flow equation
where r ν := π(K ν )ν, ν = 2 K ν 2 . On the other hand, since (10) is a moment map, by means of [3, Lemma 7.2] the normalized bracket flow turns out to be the negative gradient flow (up to a constant and a time reparameterization) of the real-analytic functional
Moreover, since ν t exists for all t ≥ 0 and the space of unitary bracket is compact, there must exist an accumulation pointν of ν t . Then, by Łojasiewicz's theorem on real-analytical gradient flow, ν t →ν as t → ∞ and π(Kν +rν Id n )ν = 0 , i.e.ν is a fixed point of (12) . Therefore, in view of (7) ,ν is a derivation of n and its corresponding metric g is an algebraic HCF + -soliton. A direct computation yields that sc(ḡ) = tr Kν = − 1 2 , and hence the soliton is non-flat. Finally, arguing in the same fashion as [2, Theorem A], it is not hard to prove that µ(t) ∼ t −1/2 as t → ∞. On the other hand, scaling the metric by a factor c > 0 is equivalent to scaling the corresponding bracket by a c −1/2 factor (see [9, §2.1]). Therefore, since the convergence of the brackets yields subconvergence for the corresponding family of left-invariant metrics in the Cheeger-Gromov sense [8, Theorem 6.20] , the claim follows.
Algebraic solitons to the HCF +
Let (G, g) be a complex non-abelian Lie group equipped with a left-invariant metric. Then, g is said to be an static metric to the HCF + if
for some c ∈ R.
Proposition 3.1. Any left-invariant HCF + -static metric g on G is shrinking (i.e. c > 0).
Proof. The proof directly follows by Proposition 1.1, since n c = tr g K(g) = 1 2 µ 2 . As a direct consequence, we get the following Proof. Let us suppose that there exists a left-invariant metric g on G satisfying (13) . Let {Z 1 , . . . , Z n } be a left-invariant g-unitary frame on G. Since G is nilpotent, there exists at least one Z i such that Z i ⊥ µ(g, g). By means of Proposition 1.1, one gets K(g)(Z i , Zī) = 0 , which is not possible by Proposition 3.1, and hence the claim follows.
Let us now focus on soliton metrics. Definition 3.3. A left-invariant metric g on G is said to be an algebraic HCF + -soliton if
for some c ∈ R and D ∈ Der(g).
We are now in a position to prove Theorem B.
Proof of Theorem B. Let (N, g) be a complex (non-abelian) 2-step nilpotent Lie group equipped with an algebraic HCF + -soliton metric. Moreover, let n be the Lie algebra of N , µ its Lie bracket and let us consider the ·, · -orthogonal splitting n = z ⊥ ⊕ z, where z is center of n. Then, by means of (8), the algebraic soliton condition can be written in terms of K µ as
where (·) t denotes the transpose with respect to the inner product ·, · on n.
We first show that any derivation D in (14) is a symmetric operator, for which its enough to prove that D t is also a derivation. Since n is a complex 2-step nilpotent Lie algebra,
where the blocks are in terms of n = z ⊥ ⊕ z. On the other hand, by means of (9) and (14), we have
Therefore, since the representation π is a Lie algebra morphism which satisfies π(A t ) = π(A) t and Lemma 2.2 holds, we get
while, equation (14) implies
and the claim follows by π(D t )µ 2 = 0, i.e. D t ∈ Der(n).
We are now in a position to prove that any algebraic HCF + -soliton on N is expanding (i.e. c < 0). Let us focus on soliton metrics satisfying (14) . In view of Corollary 3.2, we already know that D = 0. Moreover, by means of Theorem A, a soliton metric cannot be shrinking (i.e. c > 0), since it would give rise to a self-similar solution to the HCF + with a finite-time singularity (see e.g. [10] ). Thus, we get c ≤ 0 in (14) . On the other hand, if we assume c = 0, it directly follows by (15) that
which is in contradiction with our hypothesis D = 0. Hence, every algebraic HCF + -soliton on N has to be expanding.
To finish the proof, we now prove the uniqueness claim. By the proof of Theorem A, the operator K µ gives rise to an algebraic HCF + -soliton if and only if it is a critical point of the functional F (µ) = K µ 2 / µ 4 . On the other hand, it has been proved in [3, Corollary 9 .4] that critical points for the norm of the moment map which lie in a fixed orbit Gl(z, J) · µ must actually lie in the same (p(z, J) · µ)-orbit. Then, since two brackets in the same p(z, J)-orbit correspond to isometric left-invariant metrics on N , this conclude the proof.
As a direct consequence of the proof of Theorem B, one gets the following corollary. Corollary 3.4. Let g be an algebraic HCF + -soliton on N . Then, the HCF + -tensor satisfies K(g) = c g + g(D·, ·) , for some c < 0 and D ∈ Der(n).
3.1. An explicit example. Let H 3 (C) be the complex 3-dimensional Heisenberg Lie group, which can be defined as the matrix group Proof. Let g be a left-invariant Hermitian metric on H 3 (C). Then, there exists a g-unitary (1,0)-frame {W 1 , W 2 , W 3 } such that µ satisfies µ(W 1 , W 2 ) = sW 3 , for some s ∈ C . With respect to this new frame, we have 
